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FACTORING 3-FOLD FLIPS AND DIVISORIAL
CONTRACTIONS TO CURVES
JUNGKAI A. CHEN AND CHRISTOPHER D. HACON
Abstract. We show that 3-fold terminal flips and divisorial con-
tractions to a curve may be factored by a sequence of weighted
blow-ups, flops, blow-downs to a locally complete intersection curve
in a smooth 3-fold or divisorial contractions to a point.
1. introduction
Flips, flops and divisorial contractions are the “elementary” bira-
tional maps of the minimal model program. Divisorial contractions are
the higher dimensional analog of (the inverse of) blowing up a smooth
point on a surface. They are morphisms contracting a divisor cov-
ered by KX-negative curves. Flips are instead a new operation which
consists of a “surgery” in codimension ≥ 2 which replaces certain KX-
negative curves by some KX -positive curves. Flops are also surgeries
in codimension ≥ 2 but they replace certain KX-trivial curves by some
new KX -trivial curves.
These operations appear as follows. Given a smooth projective va-
riety of general type over C, then a minimal model of X may be con-
structed via a finite sequence of flips and divisorial contractions (cf.
[1]). Minimal models are not unique, but is known that any two mini-
mal models are connected by a finite sequence of flops (cf. [16]).
Not surprisingly, the geometry of divisorial contractions is better
understood than that of flips and flops. In fact the proof of the existence
of flips and flops (cf. [1], [7]) is very abstract and gives little insight to
their geometry.
In dimension 3 these operations are reasonably well understood.
Kolla´r has shown [23] that if X 99K X+ is a flop (of terminal 3-folds),
then X and X+ have analytically isomorphic singularities. In his sem-
inal paper [34], Mori gives a precise understanding of the geometry of
all flips with irreducible flipping curve (extremal neighborhoods).
The first author was partially supported by TIMS, NCTS/TPE and National Sci-
ence Council of Taiwan. The second author was supported by NSF grant 0757897.
We are indebted to Hayakawa, Kolla´r and Mori for many useful discussion espe-
cially to Mori who read our preliminary version and gave various comments and
corrections. Some of this work was done during a visit of the first author to the
University of Utah. The first author would like to thank the University of Utah for
its hospitality.
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It should also be noted that 3-fold divisorial contractions may be
subdivided into two classes: those that map the divisor to a curve and
those that map the divisor to a point. Divisorial contractions to a point
are classified in [4], [14], [18], [19], [20], [21] and [31]. There are also
several partial results on divisorial contractions to a curve cf. [5], [37],
[38], [39], [40] and [41].
The purpose of this paper is to show that in dimension 3, we can fac-
tor flips and divisorial contractions to curves via the simpler operations
given by flops, blow-downs to LCI curves (i.e. C ⊂ Y a local complete
intersection curve in a smooth variety) and divisorial contractions to
points. More precisely we prove
Theorem 1.1. Let g : X → W be a flipping contraction and φ :
X99KX+ be the corresponding flip, then φ can be factored as
X = X0
f0
99K X1 99K . . . 99K Xn
fn
99K X+,
such that each fi is the inverse of a w-morphism, a flop, a blow-down
to a LCI curve or a divisorial contraction to a point.
Let g : X → W be a divisorial contraction to a curve, then g can be
factored as
X = X0
f0
99K X199K . . . 99KXn
fn
99K W,
such that each fi is the inverse of a w-morphism, a flop, a blow-down
to a LCI curve or a divisorial contraction to a point.
We remark that the proof of the above theorem follows by the clas-
sification results of [34] and the results of [8] and [9]. One should also
note that this kind of approach is not entirely new. See for example
[13] and [11].
As a final motivation for (1.1), we would like to mention a possible
application of these ideas to characteristic p > 0. In this context, the
existence of divisorial contractions (in the big case) is known by work of
Keel [22]. The existence of flips is instead only known in some special
cases [13] and [24]. Theorem 1.1 suggests that it may be possible
to construct flips in characteristic p > 0 via a sequence of divisorial
contractions (and extractions) and flops (which are hopefully easier to
construct than flips).
2. Preliminaries
We work over the field of complex numbers C. Numerical (resp.
linear, Q-linear) equivalence of divisors is denoted by ≡ (resp. ∼, ∼Q),
if f : X → Y is a projective morphism, then ≡Y denotes f -numerical
(also known as numerical over Y ) equivalence and ∼Y (resp. ∼Q,Y )
denote linear equivalence (resp. Q-linear equivalence) over Y . So, for
example, D ∼Q,Y D
′ if and only if there are rational numbers qi ∈ Q,
rational functions fi ∈ C(X) and a Q-Cartier divisor L on Y such that
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D−D′ =
∑
qi(fi) + f
∗L. If X is a normal variety, then KX denotes a
canonical divisor on X . A log pair (X,B) is given by a normal variety
X and a Q-divisor B such that KX +B is Q-Cartier. A log resolution
of a log pair (X,B) is a proper birational morphism ν : X ′ → X such
that Exc(ν) ∪ ν−1∗ B is a simple normal crossings divisor. If (X,B)
is a log pair and ν : X ′ → X is a log resolution of (X,B), then we
write KX′ + ν
−1
∗ B = ν
∗(KX + B) +
∑
aiEi where ν∗KX′ = KX . The
rational numbers aEi(X,B) := ai are the discrepancies of (X,B). The
log pair (X,B) is terminal (resp. canonical or plt) if aE(X,B) > 0
(resp. aE(X,B) ≥ 0 or aE(X,B) > −1) for all exceptional divisors
E over X . The log pair (X,B =
∑
biBi) is klt if it is plt and bi < 1
for all i. By inversion of adjunction, it is known that if (X,S + B) is
a log pair with ⌊S + B⌋ = S, then (X,S + B) is plt (resp. canonical
or terminal) if and only if (S,BS) is klt (resp. canonical or terminal)
where (KX + S +B)|S = KS +BS.
2.1. Terminal threefold singularities. Here we briefly recall several
facts about terminal singularities in dimension 3. It is well known
that terminal surfaces are smooth and hence terminal threefolds have
isolated singularities. Let P ∈ X be the germ of a terminal singularity,
then X has rational singularities. The index of P ∈ X is the smallest
integer r > 0 such that rKX is Cartier on a neighborhood of P . If
P ∈ X is a point of index r and D is any Weil divisor on X , then
rD is also Cartier on a neighborhood of P . The canonical cover π :
(P ♯ ∈ X♯) → (P ∈ X) is a cyclic cover of degree r such that P ♯ is
an isolated cDV point of index 1 (cf. [36, 3.1]). The analytic germ
(P ♯ ∈ X♯) can be embedded into C4 as a hypersurface ϕ = 0. The
singularity (P ∈ X) can thus be realized as a cyclic group µr-quotient
of a hypersurface singularity. Note that there exists a semi-invariant
coordinate system y1, . . . , y4 near (P
♯ ∈ X♯). These singularities are
classified in [33] (see also [34, §1a] for a brief survey).
The weights of the coordinates y1, . . . , y4 are usually denoted by
1
r
(a1, a2, a3, a4) [34, pg. 243]. Two weights
1
r
(a1, a2, a3, a4) and
1
r
(b1, b2, b3, b4)
are said to be equivalent if there is an integer λ relatively prime to r,
such that bi ≡ aiλ (mod r) for all i. Recall that for any terminal
singularity P ∈ X there is a deformation producing k ≥ 1 terminal
cyclic quotient singularities P1, . . . , Pk. The number k = aw(P ∈ X)
is called the axial weight of (P ∈ X). We let
aw(X) =
∑
P∈Sing(X)
aw(P ∈ X).
Note that the axial weight coincides with the axial multiplicity defined
in [34, Definition-Corollary 1a.5.iii] except in the case cAx/4. We may
assume that the singularities Pi have type
1
ri
(1,−1, bi) where 0 < bi ≤
r/2. The collection {P1, . . . , Pk} is known as the basket of singularities
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of (X,P ) and it can be written as
B(P ∈ X) = {ni × (bi, ri)|i ∈ I, ni ∈ Z
+},
where ni denotes the number of times that a point Pi representing a
singularity 1
ri
(1,−1, bi) appears.
To a given variety X , we can associate the basket of singularities
B = ∪P∈Sing(X)B(P ∈ X). We can define the following invariants
corresponding to a singularity
σ(P ∈ X) =
aw(P∈X)∑
i=1
b(Pi), σ(X) =
∑
P∈Sing(X)
σ(P ∈ X),
Ξ(P ∈ X) =
aw(P∈X)∑
i=1
r(Pi), Ξ(X) =
∑
P∈Sing(X)
Ξ(P ∈ X).
Remark 2.1. The basket B(P ∈ X) is uniquely determined by the
singularity (P ∈ X). We have
type G. E. aw basket σ Ξ
cA/r Akr−1 k k × (b, r) kb kr
cAx/2 Dk+2 2 2× (1, 2) 2 4
cAx/4 D2k+1 k {(1, 4), (k − 1)× (1, 2)} k 2k + 2
cD/2 D2k k k × (1, 2) k 2k
cD/3 E6 2 2× (1, 3) 2 6
cE/2 E7 3 3× (1, 2) 2 6
where the column G. E. lists the singularities for general elephant (i.e.
a general element) EX ∈ | −KX |.
2.2. Extremal neighborhoods. Recall that (cf. [30, §1]) an extremal
neighborhood f : X ⊃ C → Y ∋ Q is a proper bimeromorphic mor-
phism of complex 3 dimensional spaces f : X → Y such that
(1) X is terminal;
(2) Y is normal with distinguished point Q ∈ Y ;
(3) f−1(Q) consists of a single irreducible curve C ⊂ X ;
(4) KX · C < 0.
If instead of the conditionKX ·C < 0, we have the conditionKX ·C = 0,
then we will say that f is aK-trivial extremal neighborhood. An isolated
extremal neighborhood is an extremal neighborhood f : X ⊃ C → Y ∋
Q such that dimExc(f) = 1. In this case Exc(f) = C and KY is not
Q-Cartier.
An extremal neighborhood is divisorial if dimExc(f) = 2. In this
case, Exc(f) is an irreducible divisor, KY is Q-Cartier and Y is termi-
nal.
By [34, pg. 151, 2.3.2],
(1) KX · C = −1 +
∑
P∈C
wP (0),
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where
wP (0) =
{
0 if P is of index 1,
0 ≤ c
r
≤ r−1
r
if P is of index r > 1.
The exact value of wP (0) is given in [34, pg. 175, 4.9].
Extremal neighborhoods are classified in [34], see also [30] and [35].
We have the following fundamental result also known as Reid’s general
elephant conjecture (cf. [34]).
Theorem 2.2. Let f : X ⊃ C → Y ∋ Q be an extremal neighborhood
and EX ∈ | −KX | and EY ∈ | −KY | be general elements. Then EX
and EY are normal and have only Du Val singularities.
2.3. Extremal contractions. A flipping contraction (resp. flopping
contraction) is a projective birational morphism f : X → Y from a ter-
minal 3-fold to a normal variety such that dimExc(f) = 1, ρ(X/Y ) =
1, f∗OX = OY and −KX is f -ample (resp. KX is f -trivial). A flipping
curve (resp. flopping curve) is a curve C ⊂ Exc(f). The flip (resp.
flop) of a flipping contraction (resp. a flopping contraction) f : X → Y
is a birational morphism f+ : X+ → Y where X+ is a terminal 3-fold,
dimExc(f+) = 1, ρ(X+/Y ) = 1, f+∗ OX+ = OY and KX+ is f -ample
(resp. f -trivial). A flipped curve (resp. a flopped curve) is a curve
C ⊂ Exc(f+). One defines the flip (resp. flop) of an extremal neigh-
borhood (resp. K-trivial extremal neighborhood) analogously.
A divisorial contraction is a birational morphism f : X → Y from a
terminal 3-fold to a normal variety such that dimExc(f) = 2, ρ(X/Y ) =
1, f∗OX = OY and −KX is f -ample. It is known that the contracted
divisor F ⊂ X is irreducible and Y is terminal.
We will need the following results.
Theorem 2.3. Let f : X ⊃ C → Y ∋ P be a flipping (resp. flopping
contraction). Then the flip (resp. flop) f+ : X+ → Y exists. Moreover,
in the analytic category, ϕ : X 99K X+ factors via a finite sequence of
flips (resp. flops) ϕi : Xi 99K X
+
i = Xi+1 with irreducible flipping (resp.
flopping) curves fi : Xi → Yi over Y such that Exc(ϕi) = Ci ∼= P
1 and
Exc(ϕ+i ) = C
+
i
∼= P1.
Proof. See [34] and [15]. 
Remark 2.4. Notice that the arguments of [15] also imply that if
f : X ⊃ C → Y ∋ P is a contraction of a divisor to a curve and
C = ∪Cj is not irreducible, then (in the analytic category) f factors
through an extremal neighborhood.
Remark 2.5. It is expected that if X is a terminal 3-fold and f : X →
Y is the germ of a flipping or divisorial contraction to a curve and if
EX ∈ | − KX | is general, then the divisor EX is normal with Du Val
singularities.
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Theorem 2.6. Let X be a terminal Gorenstein 3-fold, f : X → Y an
extremal contraction. Then f is divisorial and if it contracts the divisor
to a curve C, then X has only An singularities, C ⊂ Y is LCI (i.e. Y
is smooth near C and C is a local complete intersection in Y ) and X is
the blow up of Y along C. If f contracts the divisor to a point P ∈ Y ,
then f : X → Y is classified (it belongs to one of the four possibilities
listed in [5]).
Proof. See [5]. 
We will need the following easy lemmas.
Lemma 2.7. Let P ∈ X be a terminal 3-fold singularity of index
r > 1 and f : Y ⊃ F → X ∋ P be an extremal divisorial contraction
of discrepancy 1/r. Let GX ∈ | − KX | be a normal divisor with only
Du Val singularities and GY its strict transform on Y , then
(1) P ∈ Supp(GX),
(2) f ∗(KX +GX) = KY +GY ,
(3) f |GY : GY → GX is not an isomorphism, and
(4) f |GY is dominated by the minimal resolution G˜X → GX .
Proof. We have that f ∗(KX + GX) = KY + GY + tF . Since −KX
is not Cartier at P , we have that P ∈ Supp(GX). It follows that
t ≥ 0. Since GX is canonical, by inversion of adjunction, (X,GX) is
canonical. Therefore, t ≤ 0 and hence t = 0. Since F is a Q-divisor, so
is GY ∩ F 6= ∅. It follows that f |GY is not an isomorphism. Since GX
is Du Val and KGY = (f |GY )
∗KGX , f |GY is dominated by the minimal
resolution G˜X → GX . 
Lemma 2.8. Let X be a terminal analytic 3-fold and GX ∈ | − KX |
be a normal divisor with only Du Val singularities. If EX ∈ | − KX |
is general, then EX is a normal divisor with only Du Val singularities
and ρ(E˜X/EX) ≤ ρ(G˜X/GX) where E˜X and G˜Y denote the minimal
resolutions of EX and GX .
Proof. Since GX has Du Val singularities, then it is canonical and hence
(X,GX) is canonical. But then (X,EX) is canonical cf. [25, §4] and so
EX is Du Val. The remaining assertion follows easily. 
2.4. Divisorial extractions.
Theorem 2.9. Let P ∈ X be a point of index r > 1.
(1) There is a weighted blow up Y → X at P ∈ X with discrepancy
1/r.
(2) Extremal divisorial contractions to P ∈ X with discrepancy 1/r
are given by the weighted blow-ups classified in [8], [9].
(3) Extremal divisorial contractions to P ∈ X with discrepancy
grater than 1/r are classified in [21].
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(4) There is a partial resolution
Xn → Xn−1 → . . .→ X0 = X,
such that Xn has Gorenstein singularities and each map is a
weighted blowup over a singular point of index ri > 1 as in (1).
We have that n ≤ ρ(E˜X/EX) where EX ∈ | − KX | is general
and E˜X → EX is the minimal resolution.
Proof. See [14], [8] and [9]. 
Definition 2.10. In the sequel, a w-morphism will denote an extremal
divisorial contraction to a point P ∈ X of index r > 1 with discrepancy
1/r see (2.9). A partial resolution as in (4) of (2.9) will be called a
w-resolution of P ∈ X . We define dep(X,P ) the depth of X at a
point P ∈ X to be the minimum length of any w-resolution of (a
neighborhood) of P ∈ X .
Remark 2.11. We have dep(X,P ) = 0 if and only if X is Gorenstein
at P . We have that the sum of dep(X,P ) for P ∈ X is bounded below
by the difficulty of X (an invariant used to show termination of flips)
however, the inequality can be strict cf. [10, 2.11].
Lemma 2.12. If P ∈ X is a cyclic point of index r, then dep(X) =
r − 1.
Proof. The only w-morphisms are given by weighted blow ups f : Y →
X such that Y contains (at most) two quotient singularities of indices a
and r− a. The proof now follows easily by induction on the index. 
Proposition 2.13. If (P ∈ X) is of cA/r type, then Ξ(P ∈ X) −
aw(P ∈ X) ≤ dep(P ∈ X) ≤ Ξ(P ∈ X)− 1.
Proof. We follow [8]. The singularity P ∈ X is given by the equation
ϕ = xy + g(zr, u) = 0 with weights 1
r
(β,−β, 1, r). Write g(zr, u) =∑
ai,jz
riuj, then we let
λ := aw(P ∈ X) = min{j|a0,j 6= 0},
and for any s > 0, we let
νs := min{si+ j|ai,j 6= 0}.
Notice that ν1 ≤ ν2 ≤ · · · and νs = λ for any s ≥ λ. Let
t := min{s > 0|νs = λ},
then clearly 1 ≤ t ≤ λ. We will show that
dep(P ∈ X) = λr − t.
The only w-morphisms f : X1 → X are weighted blow ups with weights
1
r
(r1, r2, 1, r) such that r1 + r2 = rν1 [8, §6]. We may assume that
f : X1 → X is the first w-morphism in a w-resolution of P ∈ X
computing dep(X). One computes that on X1 there are two quotient
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singularities Q1 of type
1
r1
(r,−1,−r) and Q2 of type
1
r2
(r,−1,−r) and
(possibly) a singularity Q4 of type cA/r defined by
xy + g(zru, u)/uν1 = xy +
∑
ai,jz
riui+j−ν1 = 0
with weights 1
r
(β,−β, 1, r). If λ = ν1 then Q4 6∈ X1 and dep(P ∈ X) =
r1 + r2 − 1 = ν1r − 1. Otherwise
dep(P ∈ X) = dep(X1) + 1 = ν1r − 1 + dep(Q4 ∈ X).
Notice that{
λ(Q4 ∈ X1) = aw(Q4 ∈ X1) := min{j − ν1|a0,j 6= 0} = λ− ν1
νs−1(Q4 ∈ X1) = min{(s− 1)i+ (i+ j − ν1)|ai,j 6= 0} = νs − ν1
So t(Q4 ∈ X1) = t− 1. By induction on aw, we have dep(Q4 ∈ X1) =
(λ− ν1)r − (t− 1) and hence dep(P ∈ X) = λr − t the assertion now
follows as λr = aw(P ∈ X)r = Ξ(P ∈ X). 
Proposition 2.14. We have the following
(1) if (P ∈ X) is of type cAx/4, then dep(P ∈ X) ≤ Ξ(P ∈ X)−1,
(2) if (P ∈ X) is of type cD/2 or cD/3 then dep(P ∈ X) ≤ Ξ(P ∈
X), and
(3) if (P ∈ X) is of type cE/2, then dep(P ∈ X) ≤ Ξ(P ∈ X) + 1.
Proof. This follows immediately from (4) of (2.9) and (2.1).

Proposition 2.15. Let f : Y ⊃ E → X ∋ P be (the germ of) a
divisorial contraction to a point. Then
dep(Y ) ≥ dep(X)− 1.
Proof. We follow the classification of [21]. There are several cases to
consider.
If P ∈ X is Gorenstein, then dep(P ∈ X) = 0 and the claim is clear.
If f is an w-morphism, then by definition of dep(X), we have dep(X) ≤
dep(Y ) + 1 as required.
If P ∈ X is of type cA/r, then f is a weighted blow up of discrepancy
a/r (cf. [21, Thm. 1.2.i]). With the notation of Proposition (2.13), then
this is obtained by using a weight 1
r
(r1, r2, a, r) such that r1 + r2 ≡ 0
(mod ar),
r1 + r2
r
= τ − wt(g) = νa
where τ − wt(z, u) = ( a
n
, 1), and z
r1+r2
a = z
rνa
a ∈ g. It follows that
νs ≤
sνa
a
< νa for all s < a and therefore t ≥ a.
There are two quotient singularities Q1, Q2 ∈ Y of index r1 and r2
and possibly a cA/r point Q4 ∈ Y defined by
{xy − g(zrua, u)/uνa = 0}/Zr(−r1,−r2,−a, r)
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where g(zrua, u)/uνa =
∑
ai,jz
riuai+j−νa. It follows that∑
dep(Qi ∈ Y ) = r1−1+r2−1+dep(Q4 ∈ Y ) = rνa−2+dep(Q4 ∈ Y ).
Proceeding as in (2.13), one sees that dep(Q4 ∈ Y ) = (λ−νa)r−(t−a)
and hence
dep(Y ) = λr − t+ a− 2 = dep(X) + a− 2 ≥ dep(X)− 1.
The remaining cases are classified in [21, 1.2, 1.3]. If P ∈ X is not
of the type cA/n and the discrepancy is a/n > 1/n, then there are 6
cases. Two cases of ordinary type with arbitrarily large discrepancies
which are given by weighted blow-ups (cf. [21, Theorem 1.2.ii]), and 4
cases of exceptional type (cf. [21, Table 3]). We would like to remark
that in general, there may be some hidden non-Gorenstein point on Y
in (i.e. non-Gorenstein points on Y at which the exceptional divisor is
Cartier cf. [21, pg. 59]). However, such hidden non-Gorenstein points
do not occur in the cases of exceptional type (e1, e2, e11) because we
have a/n = 4/2 or 2/2 and thus 2KY ∼X 4E or 2KY ∼X 2E. It
follows that if E is Cartier at a point Q ∈ Y then KY is numerically
equivalent to a Cartier divisor and so KY is Cartier at Q ∈ Y . Hence,
Y is Gorenstein at Q. Therefore the baskets of Y and X are completely
described by [21, 1.3].
Recall that by Reid’s singular Riemann-Roch formula we have that
χ(2KX) =
1
2
K3X − 3χ(OX) +
∑
B(X)
bi(ri − bi)
2ri
,
and therefore
χ(2KY )− χ(2KX) =
1
2
(
a
n
E)3 +
∑
B(Y )
bi(ri − bi)
2ri
−
∑
B(X)
bi(ri − bi)
2ri
.
Claim 2.16. Let f : Y ⊃ E → X ∋ P be a divisorial contraction of
terminal 3-folds such that a(E,X) = 1 (resp. a(E,X) = 2). Then
χ(OY (2KY )) ≥ χ(OX(2KX)) + 1.
Proof. If KY = f
∗KX + E, then R
kf∗OY (2KY − E) = 0 for k > 0
by Kawamata-Viehweg vanishing. Since Y is terminal it is Cohen-
Macaulay and hence so is E cf. [29, 5.25]. Therefore KE = (KY +E)|E
and we have a short exact sequence (cf. [29, 5.26])
0→ OY (2KY − E)→ OY (2KY )→ OE(KE)→ 0.
Since−KE = −2E|E is ample, h
1(OE(KE)) = 0 and so R
1f∗OY (2KY ) =
0. Moreover, we have R2f∗OY (2KY ) ∼= R
2f∗OE(KE) ∼= H
2(OE(KE)) ∼=
C. By a Leray spectral sequence computation, we obtain
χ(OY (2KY )) =
∑
(−1)iχ(Rif∗OY (2KY )) = χ(f∗OY (2KY ))+χ(R
2f∗OY (2KY ))
= χ(f∗OY (2KY )) + h
0(R2f∗OY (2KY )) = χ(OX(2KX)) + 1.
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IfKY = f
∗KX+2E, then by Kawamata-Viehweg vanishing, R
kf∗OY (2KY−
2E) = 0 for k > 0. By Serre duality we have
h1(OE(2KY )) = h
1(OE(4E)) = h
1(OE(KE − 4E)).
By Kawamata-Viehweg vanishing, one sees that h1(OE(KE−4E)) = 0
and hence h1(OE(2KY )) = 0.
Similarly h1(OE(2KY − E)) = 0. From the short exact sequences
0→ OY (2KY − (l + 1)E)→ OY (2KY − lE)→ OE(2KY − lE)→ 0
for l ∈ {1, 0}, one sees that R1f∗OY (2KY − E) = R
1f∗OY (2KY ) = 0
and C ∼= R2f∗OY (2KY−E) →֒ R
2f∗OY (2KY ). The required inequality
follows similarly to the previous case. 
e1. f is of type e1 with a
n
= 4
2
. We have that 4
2
E3 = 4
r
by Table 2
of [21] (compare with Table 3, were r = 2r′). Notice also that there is
only a quotient singularity Q ∈ Y of type 1
2r′
(1,−1, r′ − 4). Thus the
basket of Y is (r′ − 4, 2r′) and we have dep(Y ) = 2r′ − 1.
On the other hand P ∈ X is a point of type cD/2. Notice that σ(P ∈
X) = aw(P ∈ X) in this case and B(X) = {aw(P ∈ X)× (1, 2)}.
We now estimate dep(X). By the singular Riemann-Roch formula,
we can compute:
χ(2KY )− χ(2KX) =
1
2
8E3 +
(r′ − 4)(r′ + 4)
4r′
−
1
4
aw(P ∈ X).
Since χ(2KY )−χ(2KX) ≥ 1 cf. (2.16) and E
3 = 2/r, we have r′− 1 ≥
aw(p ∈ X). Therefore, by (2.14)
dep(X) ≤ Ξ(X) = 2aw(P ∈ X) ≤ 2r′ − 2 = dep(Y )− 1
as required.
f is of type e1 with a
n
= 2
2
. We have that 2
2
E3 = 4
r
with r = 2r′,
P ∈ X is a point of the type cD/2 and Q ∈ Y is a quotient singularity
of type 1
2r′
(1,−1, r′ − 2). We thus have dep(Y ) = 2r′ − 1.
By the singular Riemann-Roch formula, we have
χ(2KY )− χ(2KX) =
1
2
E3 +
(r′ − 2)(r′ + 2)
4r′
−
1
4
aw(P ∈ X).
Since χ(2KY )− χ(2KX) ≥ 1 cf. (2.16), we have that r
′ − 1 ≥ aw(P ∈
X) so that
dep(X) ≤ Ξ(X) = 2aw(P ∈ X) ≤ 2r′ − 2 = dep(Y )− 1
as required.
e2. f is of type e2 with a
n
= 2
2
. We have that 2
2
E3 = 2
r
with r = 2r′
and P ∈ X is a point of the type cD/2. There is a singularity Q ∈ Y of
type cA/2r′ deforming to 2× 1
2r′
(1,−1, r′−1). We thus have dep(Y ) ∈
{4r′ − 1, 4r′ − 2}.
By the singular Riemann-Roch formula, we compute:
χ(2KY )− χ(2KX) =
1
2
E3 + 2
(r′ − 1)(r′ + 1)
4r′
−
1
4
aw(P ∈ X).
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Since χ(2KY )−χ(2KX) ≥ 1 cf. (2.16), we thus have 2r
′−1 ≥ aw(P ∈
X). Hence
dep(X) ≤ Ξ(X) = 2aw(P ∈ X) ≤ 4r′ − 2 ≤ dep(Y )
and we are done.
e11. If f is of type e11, then P ∈ X is of type cE/2 and so dep(X) ≤ 7.
There are two quotient singularities Q1, Q2 ∈ Y of type
1
2
(1, 1, 1) and
1
6
(1,−1,−1) respectively. Thus dep(Y ) = 6 ≥ dep(X)− 1 as required.
o3. The remaining case to consider is classified in [21, 1.2.ii]. f is a
divisorial contraction to a point P ∈ X of type cD/2 with discrepancy
a/2 > 1/2. f is described explicitly as a weighted blow up and the
required inequality follows from a direct computation which we describe
below.
We first consider the case in [21, 1.2.ii.a], so we assume that the
embedding is given by ϕ = 0 where
ϕ = u2 + y2z + g(x2, z) + uxq(x2, z) + λyx2α−1
= u2 + y2z +
∑
aijx
2izj + u
∑
bijx
2i+1zj + λyx2α−1
and Z2 acts with weights
1
2
(1, 1, 0, 1).
The corresponding divisorial contraction is given by a weighted blowup
Y → X with weights σa =
1
2
(a, r, 2, r+2). We have that a|(r+1), a ≡
r ≡ 1 (mod 2), and so we may assume that r+1 = 2ad. We may also
assume that a ≥ 3. Since the weight of ϕ with respect to σa is r + 1,
we have 

min{ai+ j|aij 6= 0} ≥ r + 1 = 2ad,
min{(2i+ 1)a+ 2j|bi,j 6= 0} ≥ r = 2ad− 1,
(2α− 1)a ≥ r + 2 = 2ad+ 1.
(‡)
One sees that Q2 (resp. Q4) is a cyclic quotient point of index r
(resp. r + 2). Q3 is a point of index 2 given by
ϕ¯ = u2z + y2 + g¯(x2, z) + uxq¯(x2, z) + λyx2α−1zδ¯
= u2z + y2 +
∑
aijx
2izβ¯ij + u
∑
bijx
2i+1zγ¯ij + λyx2α−1zδ¯
(†)
where 

β¯ij = ai+ j − r − 1,
γ¯ij =
2ai+a+2j−r
2
,
δ¯ = 2aα−a−r−2
2
.
Claim. Q3 is a terminal singularity of type cD/2.
To see this, we use the coordinates u¯ := y + λ
2
x2α−1zδ¯ and y¯ :=
u+ 1
2
∑
γ¯ij 6=0
bijx
2i+1zγ¯ij−1. Then we have
ϕ¯ = u¯2 + y¯2z + y¯(
∑
γ¯ij=0
bijx
2i+1) + g¯(x2, z).
for some g¯. We may assume that (
∑
γ¯ij=0
bijx
2i+1) = λ¯x¯ǫ for some ǫ > 0
and λ¯ ∈ C by replacing x by a suitable coordinates x¯. Thus, this is a
terminal singularity of type cD/2. 
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Notice that Q1 is possibly a singular point of index a. However, since
all hidden non-Gorenstein points are of index 2, and a ≥ 3 is an odd
integer, Q1 is not a singular point of Y . Therefore, there is a term of
the form xb in ϕ with wt(xb) = r + 1. In other words, x4d ∈ ϕ. In
conclusion, we have that
dep(Y ) = (r − 1) + (r + 1) + dep(Q3).
We will now compute dep(X) by comparing with dep(Y ). We will
construct a sequence of weighted blow ups
Za → . . .→ Zk+1 → Zk → . . .→ Z0 = X
such that
(1) each map φk : Zk+1 → Zk is a weighted blowup with weights
σ = σev :=
1
2
(1, 2d − 1, 2, 2d + 1) if k is even and σ = σodd :=
1
2
(1, 2d+ 1, 2, 2d− 1) if k is odd;
(2) moreover, let U ik be the standard affine piece of the weighted
blowup Zk → Zk−1 and R
i
k be the origin of U
i
k. The weighted
blowup φk : Zk+1 → Zk center at R
3
k.
We need the following claims.
Claim 1. On Zk, there are two cyclic singularities R
+
k , R
−
k of index
2d+ 1, 2d− 1 respectively such that {R+k , R
−
k } = {R
2
k, R
4
k}.
Claim 2. On Zk, there is a cD/2 singularity R
3
k and R
3
a ∈ U
3
a
∼= U3 ∋
Q3.
Claim 3. Zk is terminal and Zk−{R
2
k, R
3
k, R
4
k} is Gorenstein for all k.
Claim 4. φk : Zk+1 → Zk is a w-morphism for all k.
Grant these claims for the time being. We then have that
dep(X) ≤ a+ dep(R3a) +
a∑
k=1
(dep(R+k ) + dep(R
−
k ))
= a+ dep(Q3) + a(2d− 2 + 2d) = a+ dep(Q3) + 4ad− 2a
= dep(Q3) + 2r + 2− a = dep(Y ) + 2− a.
Hence dep(Y ) ≥ dep(X) + a− 2 ≥ dep(X) + 1 as required.
Proof of Claims 1, 2, 3 and 4. One can check that the equation ϕk of
Zk ∩ U
3
k has σ − wt(ϕk) = 2d and can be written as
u2z + y2 +
∑
aijx
2izβij (k) + u
∑
bijx
2i+1zγij (k) + λyx2α−1zδ(k), if k is odd
u2 + y2z +
∑
aijx
2izβij (k) + u
∑
bijx
2i+1zγij (k) + λyx2α−1zδ(k), if k is even.
Where βij(0) = j and βij(k + 1) = βij(k) + i− 2d so that
βij(k) = k(i− 2d) + j;
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γij(0) = j and γij(k) = γij(k − 1) +
2d+1
2
+ 2i+1
2
− 2d if k is odd and
γij(k) = γij(k − 1) +
2d−1
2
+ 2i+1
2
− 2d if k is even, so that
γij(k) = k
2i+1
2
− kd+ j, if k is even
γij(k) = k
2i+1
2
− kd+ j + 1
2
, if k is odd;
δ(0) = 0 and δ(k) = δ(k − 1) + 2d−1
2
+ 2α−1
2
− 2d if k is odd and
δ(k) = δ(k − 1) + 2d+1
2
+ 2α−1
2
− 2d if k is even, so that
δ(k) = k 2α−1
2
− kd, if k is even
δ(k) = k 2α−1
2
− kd− 1
2
, if k is odd.
We need to verify that σ − wt(ϕk) = 2d with respect to the weight
σodd =
1
2
(1, 2d+ 1, 2, 2d− 1) or σev =
1
2
(1, 2d− 1, 2, 2d+ 1) (depending
on the parity of k). One can easily see that σodd − wt(u
2z) = 2d and
σodd−wt(y
2) = 2d+1 (resp. σev−wt(u
2) = 2d+1 and σev−wt(y
2z) = 2d
) if k is odd (resp. even). Moreover, since x4d ∈ ϕ, we have x4d ∈ ϕk
for all k. Therefore, wt(ϕk) ≤ 2d. One sees that if βij(k + 1) ≥ 0,
γij(k + 1) ≥ 0 and δ(k + 1) ≥ 0, then wt(ϕk) ≥ 2d.
Therefore it is enough to show that βij(k) ≥ 0, γij(k) ≥ 0 and
δ(k) ≥ 0 for all 1 ≤ k ≤ a and all i and j with ai,j 6= 0, resp. bi,j 6= 0.
Recall that by (‡), ai+ j ≥ 2ad, thus
βij(k) = k(i−2d)+j =
k
a
(ai+j)−
kj
a
−2kd+j ≥ j−
kj
a
= j
a− k
a
≥ 0.
Next, recall that by (‡), (2i+ 1)a+ 2j ≥ 2ad− 1, hence
γij(k) ≥ k
2i+ 1
2
− kd+ j =
k
2a
(2i+ 1)a− kd+ j
≥
k
2a
(2ad− 1− 2j)− kd+ j =
2aj − 2kj − k
2a
≥
−k
2a
≥
−1
2
.
Also, recall that by (‡), (2α− 1)a ≥ 2ad+ 1, hence
δ(k) ≥ k
2α− 1
2
− kd−
1
2
=
k
2a
(2α− 1)a− kd−
1
2
≥
k
2a
(2ad+ 1)− kd−
1
2
=
k
2a
−
1
2
≥
−1
2
.
The above inequalities now follow because βij(k) and δ(k) are integers.
Note that βij(a) = β¯ij, γij(a) = γ¯ij and δ(a) = δ¯. Thus R
3
a ∈ Za is
indeed isomorphic to Q3 ∈ Y .
Claims 1 and 2 now follow easily from the equations ϕk.
Claim 3 also follows by explicit computation.
We now verify that the homogeneous part ϕk,σ−wt=2d, which defines
the exceptional divisor Ek in P(1, 2d + 1, 2, 2d − 1) (resp. P(1, 2d −
1, 2, 2d+1)), is irreducible. To see this, notice that as we have seen x4d ∈
ϕ, and so a2d,0 6= 0. Since β2d,0(k) = 0, one sees that x
4d ∈ ϕk for all
k. If k is odd, we see that u2z, x4d ∈ ϕk,σodd−wt=2d. Hence ϕk,σodd−wt=2d
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is irreducible. If k is even, we see that y2z, x4d ∈ ϕk,σev−wt=2d. Hence
ϕk,σev−wt=2d is irreducible. Since wt(ϕ) = 2d, we thus have
KZk+1 = φ
∗
kKZk + (wt(xyzu)− wt(ϕk)− 1)Ek+1 = φ
∗
kKZk +
1
2
Ek+1.
This completes the proof. 
The other case with discrepancy a
2
can be treated similarly. We may
assume that r + 2 = (2d + 1)a for some d > 0. The local equation of
P ∈ X is given by

φ1 : = u
2 + yw + p(x2, z) = 0
= u2 + yw +
∑
aijx
2izj = 0
φ2 : = yz + x
2d+1 + xzq(x2, z) + w = 0
= yz + x2d+1 +
∑
bijx
2i+1zj+1 + w = 0
The divisorial contraction Y → X with discrepancy a
2
is a weighted
blowup with weight σa =
1
2
(a, r, 2, r + 2, r + 4) with respect to the
coordinates (x, y, z, u, w). Thus the local equation for Y near Q3 is{
φ1,a = u
2 + yw +
∑
aijx
2izai+j−(r+2) = 0
φ2,a = y + x
2d+1 +
∑
bijx
2i+1zj+1+
(2i+1)a−(r+2)
2 + wz = 0
Similarly to the previous case, we construct a sequence of weighted
blow-ups Za → Za−1 → . . . → Z1 → Z0 = X by weights σev =
1
2
(1, 2d− 1, 2, 2d+ 1, 2d+ 3) and σodd =
1
2
(1, 2d+ 3, 2, 2d+ 1, 2d− 1),
where Zk+1 → Zk is a weighted blowup with weight σev (resp. σodd) if
k is even (resp. odd).
By a direct computation, one sees that if k is odd, then the local
equations are{
φ1,k = u
2 + yw +
∑
aijx
2izki+j−k(2d+1) = 0
φ2,k = y + x
2d+1 +
∑
bijx
2i+1zj+1+
k(2i+1)−k(2d+1)
2 + wz = 0
If k is even, then the local equations are{
φ1,k = u
2 + yw +
∑
aijx
2izki+j−k(2d+1) = 0
φ2,k = yz + x
2d+1 +
∑
bijx
2i+1zj+1+
k(2i+1)−k(2d+1)
2 + w = 0
Notice that we have wt(φ1) = 2d+ 1 (resp. wt(φ2) =
2d+1
2
) because
ki+j−k(2d+1) ≥ 0 (resp. j+1+ k(2i+1)−k(2d+1)
2
≥ 0) for all 1 ≤ k ≤ a
and all i and j such that ai,j 6= 0 (resp. bi,j 6= 0).
We now compare the singularities. On Y , there are cyclic quotient
points Q2 and Q5 of index r and r+4 respectively and a cD/2 point Q3.
On Zk, there are two cyclic quotient point R
+
k , R
−
k of index 2d+3, 2d−1
respectively and a cD/2 point R3k. The point R
3
a ∈ Za has index 2 and
is isomorphic to Q3 in Y . Hence we conclude that
dep(X) ≤ a+ dep(R3a) +
a∑
k=1
(dep(R+k ) + dep(R
−
k ))
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= a+ dep(Q3) + a(2d+ 2 + 2d− 2) = a + dep(Q3) + 4ad
= dep(Q3) + 2r + 4− a = dep(Y ) + 2− a.
Since a ≥ 3, we have dep(Y ) ≥ dep(X) + a− 2 ≥ dep(X) + 1. 
3. Decomposition
The purpose of this section is to prove the main result (1.1). We
begin by proving the following key result.
Theorem 3.1. Let g : X ⊃ C →W ∋ R be an extremal neighborhood.
If X is not Gorenstein, then there exists a w-morphism f : Y → X,
such that CY ·KY ≤ 0, where CY denotes the proper transform of C in
Y .
Proof. We use the classification of extremal neighborhoods. Each case
is elementary.
Let P ∈ C ⊂ X be an isolated terminal singularity of index r > 1.
By (2.9), there is a weighted blowup f : Y → X with exceptional
divisor F such that KY = f
∗KX +
1
r
F . We will need to compute
(2) CY ·KY = CY · (f
∗KX +
1
r
F ) = C ·KX +
1
r
CY · F.
We follow the classification summarized in Appendix A and B of [34]
together with the classification of the terminal singular point P cf. [30,
pg. 541], and we will apply the results of [8] and [9].
Suppose that C 6⊂ EX where EX is a general section of | −KX |. By
(2.2), EX is normal with Du Val singularities. By (2.7), we have that
f ∗(KX + EX) = KY + EY where EY = f
−1
∗ EX . Therefore
0 = C · (KX + EX) = CY · (KY + EY ) ≥ CY ·KY .
It suffices therefore to consider those extremal neighborhoods with C ⊂
EX . By [30, 2.2] and [35], the only cases to consider are IC, IIB,
exceptional IA + IA, IA + IA + III and semistable IA + IA.
IC. By [34, pg. 243], we have that
C♯ = {yr−21 − y
2
2 = y4 = 0} ⊂
X♯ = {y1, y2, y4}/Zr(2, r − 2, 1)
where r ≥ 5 is odd. Following [8, 3.9], if we blow up C3/Zr(2, r −
2, 1) with weight 1
r
(2, r − 2, 1), we obtain a divisorial extraction with
discrepancy 1/r.
Computing on U1 yields CY = {1− y¯
2
2 = y¯4 = 0} and F = {y¯1 = 0}
where Z2 acts with weights (r,−r + 2,−1). Since r is odd, on U1 we
have F ∩ CY = Q is a point with multiplicity 1.
Computing on U2 yields CY = {y¯
r−2
1 −1 = y¯4 = 0} and F = {y¯2 = 0}
where Zr−2 acts with weights (−2, r,−1). So on U2 we have F∩CY = Q
where Q ∈ U1 ∩ U2 is the same point as above.
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Computing on U3 yields no further intersection points. Therefore,
CY · F = 1 and hence KY · CY ≤ 0.
IIB. We have cAx/4 point P ∈ C. By [34, pg. 243], we have
C♯ = {y21 − y
3
2 = y3 = y4 = 0} ⊂
X♯ = {y21 − y
3
2 + g3y3 + g4y4 = 0}
where Z4 acts on C
4 with weights (3, 2, 1, 1). By [8, §7] there is a w-
morphism f : Y ⊃ F → X ∋ P which is a weighted blowup with
equivalent weights 1
4
(r1, r2, r3, r4) such that r1 ≡ 3, r2 ≡ 2, r3 ≡ r4 ≡
1 (mod 4).
We distinguish the following cases:
If 2r1 > 3r2, then computation on U1 yields that CY = {y¯
2r1−3r2
4
1 − y¯
3
2 =
y¯3 = y¯4 = 0}, F is defined by y¯1 = 0 where Zr1 acts with weights
(4,−r2,−r3,−r4). Moreover, computation on U2, U3 and U4 yields no
further points in CY ∩ F . Thus CY · F =
3
r1
≤ 1.
If 2r1 < 3r2, then similar computation yields that CY · F =
2
r2
≤ 1.
Finally, if 2r1 = 3r2, then a similar computation that CY · F =
3
r1
=
2
r2
.
In conclusion we have that
CY · F = min{
3
r1
,
2
r2
} ≤ 1,
and so CY ·KY ≤ 0.
Before we turn our attention to the remaining three cases, it is nec-
essary to prove the following.
Lemma 3.2 (Blowing up cA/r points on an extremal neighborhood
of type IA). Let P ∈ C ⊂ X be a point of type cA/r on an extremal
neighborhood of type IA, then by [34, pg. 243], we have
C♯ = {ya21 − y
a1
2 = y3 = y4 = 0} ⊂
X♯ = {ϕ = g2(y
a2
1 − y
a1
2 ) + g3y3 + g4y4 = 0}
where Zr acts on C
4 with weights (a1, a2,−a1, 0) and (a1a2, r) = 1.
Then there is a w-morphism Y ⊃ F → X ∋ P of discrepancy 1/r
given by a weight σ = 1
r
(r1, 1, r2, r) such that CY ·F = a1/r1 where CY
is the strict transform of C and r1 ≡ −r2 ≡ a1a
−1
2 modulo r.
Proof. Let r > λ > 0 be an integer such that a2λ = qr + 1 for some
integer q ≥ 0 and α be the residue of a1λ modulo r. By [8, Lemma 6.5],
there is a w-morphism f : Y ⊃ F → X ∋ P of discrepancy 1/r given
by a weight σ = 1
r
(r1, 1, r2, r) where r1 and r2 are positive integers such
that r1 ≡ −r2 ≡ α modulo r.
The weighted blow up is covered by four affine pieces U1, ..., U4 whose
equations are described in [8, §6]. An easy computation shows that
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F ∩ CY = ∅ on U3 and U4. Since r1 ≡ a1λ (mod r), we may write
r1 = a1λ+ tr for some t . Hence
(3) a2r1 = a1a2λ+ a2tr = (a1q + a2t)r + a1.
Note that as a2r1 > 0 and r > a1 > 0, we have that a1q + a2t ≥ 0.
Computation in U2 now yields that CY = {y¯
a2
1 y¯
a1q+a2t
2 − 1 = y¯3 = y¯4 =
0}, F = {y¯2 = 0}. Therefore CY ∩ F = ∅ in U2.
Computation in U1 yields that CY = {y¯
a1q+a2t
1 − y¯
a1
2 = y¯3 = y¯4 = 0},
F = {y¯1 = 0} where Zr1 acts with weights (r,−1,−r2,−r). Therefore
CY · F = a1/r1. 
Exceptional IA + IA. If g is a flipping contraction (resp. a divi-
sorial contraction), then we have two IA points P and Q such that Q
is a cA/2 (resp. cA/2 or cAx/2 or cD/2) point and P is a cA/r point
of odd index r ≥ 5 (resp. r ≥ 3). Since (cf. §2.2)
C ·KX = −1 +
1
2
+
r − a2
r
=
1
2
−
a2
r
< 0
we have a2 >
r
2
. Let s = 2a2 − r > 0. Then C ·KX = −s/2r.
By [30, 2.13.1], we have a1 = 1. We consider the w-morphism f :
Y ⊃ F → X ∋ P over the point P given by (3.2). We thus have
CY · F =
1
r1
and hence
KY · CY =
−s
2r
+
1
rr1
=
1
r
(−
s
2
+
1
r1
).
Notice that a2r1 ≡ a1 = 1 modulo r and so a2r1 = 1 + qr for some
integer q ≥ 0 and hence sr1 = 2+(2q−r1)r. Since sr1 > 0 and r > 1, it
follows that sr1 ≥ 2 and hence 1/r1− s/2 ≤ 0. Therefore, we conclude
that CY ·KY ≤ 0.
Semistable IA + IA. Let C be the flipping curve. Then C contains
two IA points P and P ′ corresponding to singularities of type cA/r
and cA/r′ respectively. We assume that r ≥ r′. By [30, §13, pg.
679], the curve C♯ is given by the x-axis, and X♯ is given by xy− zdr +
tf(x, y, z, t) = 0 ⊂ C4 with weights 1
r
(1,−1, a, 0). It follows that a1 = 1
and a2 = a. Similarly for the second singular point we have a
′
1 = 1 and
a′2 = a
′.
Let a
r
+ a
′
r′
= 1 + δ
rr′
, then δ > 0 and KX · C = −
δ
rr′
. We write
(4) ar′ + a′r = rr′ + δ.
Let f : Y ⊃ F → X ∋ P be the weighted blow up ofX at P with weight
σ = 1
r
(r1, 1, r2, r) as described in (3.2). In particular CY · F = 1/r1.
Recall that since r1 ≡ a
−1 (mod r), we have that
(5) ar1 = γr + 1 for some γ ≥ 0.
Suppose that γ = 0, then ar1 = 1. Hence a = r1 = 1. Then
r′ − 1
r′
≥
a′
r′
= 1 +
δ
rr′
−
1
r
>
r − 1
r
,
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so that r′ > r which is a contradiction.
Therefore, we have γ > 0. By (5) and (4), we have
ar1δ ≡ δ ≡ ar
′ (mod r).
Hence r1δ ≡ r
′ (mod r). Since r′ ≤ r, we thus have r1δ ≥ r
′. It follows
that
CY ·KY = −
δ
rr′
+
1
rr1
≤ −
δ
rr′
+
δ
rr′
= 0.
IA + IA + III. In this case C ⊂ X is divisorial and the two
IA points are both ordinary of cA type of index 2 and r ≥ 3. By
[30, 2.12.1], we also have that a1 = 1 at the cA/r point. The same
computation as in the Exceptional IA+IA case shows that CY ·KY ≤
0. 
Theorem 3.3. Let g : X ⊃ C → W ∋ P be an extremal neighborhood
which is isolated (resp. divisorial). If X is not Gorenstein, then we
have a diagram
Y ✲ Y ′
X
f
❄
X ′
f ′
❄
W
g′
✛
g
✲
where Y 99K Y ′ consists of flips and flops over W , f is a w-morphism,
f ′ is a divisorial contraction (resp. a divisorial contraction to a curve)
and g′ : X ′ ∼= X+ →W is the flip of g (resp. g′ is divisorial contraction
to a point).
Proof. 1. By [32, Lemma 3.15], we have that any g-exceptional
curve C ′ is not numerically effective. In particular, there is an effective
irreducible divisor D ∈ Div(X) such that D · C ′ < 0.
In the case of a divisorial contraction, this divisor D is nothing but
the exceptional divisor to be contracted. In the case of small contrac-
tion, the divisor D moves in a family.
2. Let f : Y → X be the w-morphism with exceptional divisor F
given by (3.1). Let l be a curve on F . Let CY and DY be the proper
transforms of C and D respectively.
Since ρ(Y/W ) = 2 and Exc(g ◦ f) = F ∪ CY ,
NE(Y/W ) = R+l + R+CY .
3. One can flip or flop along CY .
By 2, CY is extremal. Moreover, f
∗D = DY + λF where λ > 0 and
hence
CY · (KY + ǫDY ) ≤ CY · ǫDY = ǫCY · (f
∗D − λF ) < 0.
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Thus, we have a (KY + ǫDY )-flip Y 99K Y
+, which is a KY -flip or
KY -flop.
4. Notice that KY + is not nef over W .
More precisely, let l ⊂ F be a general curve, then l ∩ CY = ∅. Hence
the proper transform l+ of l in Y
+ satisfies l+ · KY + = l · KY < 0.
Moreover, the family of such curves dominates the divisor FY + .
We now run the KY + minimal model program over W . By termi-
nation of flips, we must end up with a divisorial contraction Y ′ → X ′.
Therefore, we have the required diagram.
5. Suppose that g : X → W is divisorial with exceptional divisor D.
Notice that
Exc(Y ′/W ) ⊃ DY ′ ∪ FY ′
where DY ′ and FY ′ are the strict transforms of F and D on Y .
We claim that f ′ contracts the divisor DY ′ to a curve.
Suppose to the contrary that Y ′ → X ′ contracts FY ′ . Then we see
that X ′ → W has relative Picard number ρ(X ′/W ) = 1 containing
an exceptional divisor DX′. Notice furthermore that D and DX′ are
isomorphic away from finitely many curves. Therefore, we haveX ′ ∼= X
by an easy argument cf. [18, Lemma 3.4]. By the same argument, we
also have Y ∼= Y ′, which is a contradiction.
Hence f ′ : Y ′ → X ′ contracts DY ′ . Notice that g(D) is a curve in
W . Hence g′(f ′(DY ′)) is a curve. In particular, f
′(DY ′) is a curve.
Since g(f(F )) is a point. It follows that g′(FX′) is a point.
6. Suppose that g : X → W is isolated. We claim that X ′ ∼= X+ is
the flip.
First of all, X and X ′ are isomorphic in codimension 1 and the
relative Picard number ρ(X ′/W ) is equal to 1.
If KX′ is g
′-ample over W , we are done.
If KX′ is g
′-trivial, we have that KX′ = g
′∗KW . This implies that
KW is Q-Cartier, which is impossible.
If KX′ is g
′-negative, we see that
X ∼= ProjW
(⊕
m≥0
OW (−mKW )
)
∼= X ′.
It is clear that FY and FY ′ correspond to the same valuation in the
function field. We thus have Y ∼= Y ′ by [18, Lemma 3.4], which is
absurd because Y 99K Y ′ is a composition of a sequence of (KY +ǫDY )-
flips. 
Remark 3.4. We would like to remark that if g : X →W is isolated,
then either f ′ : Y ′ → X ′ is a divisorial contraction to a curve or at
least one of Yi 99K Yi+1 is a flip. To see this, pick any flipped curve CX′
such that KX′ · CX′ > 0. Suppose that f
′ is a divisorial contraction to
a point, then CX′ 6⊂ f
′(FY ′). Hence
KY ′ · CY ′ = (f
′∗KX′ + aFY ′) · CY ′ = KX′ · CX′ + aCY ′ · FY ′ > 0,
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where CY ′ denotes the proper transform of CX′ in Y
′ and a > 0. If
there are no flips Yi 99K Yi+1, then Y 99K Y
′ is a flop and if CY
is the proper transform of CY ′ in Y , then KY · CY = KY ′ · CY ′ > 0.
Therefore, as f : Y → X is a divisorial contraction, CY maps to a curve
CX ⊂ X which is the flipping curve. But then CY is (by construction)
the flopping curve of Y 99K Y ′ and so CY ·KY = 0. This is the required
contradiction.
Remark 3.5. The result of (3.3) also holds if we assume that g : X ⊃
C → W ∋ P is a flipping contraction or a divisorial contraction to
a curve. In fact, by (2.3) and (2.4), g factors through an extremal
neighborhood g′ : X ⊃ C ′ → W ′ ∋ P ′. Therefore, (3.1) also applies
in this context so that we have a w-morphism f : Y → X such that
KY · CY ≤ 0. The rest of the argument is the same as the proof of
(2.3).
Remark 3.6. In order to prove (2.2), we will need an invariant which is
minimal for Gorenstein varieties and that improves under w-morphisms
and flips. There seem to be two possible approaches, the first one using
general elephants EX ∈ | − KX | (i.e. assuming that there exists an
element EX ∈ | −KX | with Du Val singularities) and the second one
using dep(X).
It is expected that if g : X →W is the germ of a flipping or divisorial
contraction, then the general elements EX ∈ |−KX | and EW ∈ |−KW |
have Du Val singularities (this is known in the divisorial to point case
by [21], in the extremal neighborhood case by (2.2) and is expected to
hold unconditionally). If we assume that EX is Du Val, then there is
a simpler proof for (1.1) not involving the invariants dep(X) which we
now explain.
Proof of (1.1) assuming that EX is Du Val. We may work locally over
W and so we may assume that there is a point Q ∈ W such thatW−Q
is smooth and X − f−1(Q) is smooth. Let EX be as above and let E˜X
be the minimal resolution of EX then ρ(E˜X/EX) defines an invariant of
(the germ of) g : X →W . We will proceed by induction on ρ(E˜X/EX).
If ρ(E˜X/EX) = 0, then EX is smooth and hence terminal. By in-
version of adjunction (X,EX) is terminal. By classification of terminal
3-fold singularities, X is Gorenstein. By (2.6), g is divisorial and it is
the blow up of a LCI curve in W .
We may therefore assume that ρ(E˜X/EX) > 0. By (3.5), we may
factor X → W by rational maps over W
X
f
← Y 99K Y ′
f ′
→ X ′.
Let f : F ⊂ Y → P ∈ X be the f -exceptional divisor. By (2.7),
f ∗(KX + EX) = KY + EY where EY = f
−1
∗ EX . By (2.7), E˜X → EX
factors through EY . It follows by (2.8) that ρ(E˜Y /EY ) < ρ(E˜X/EX).
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The rational map Y 99K Y ′ is given by a sequence of flips and flops
Yi 99K Yi+1.
Claim 3.7. If Yi 99K Yi+1 is a flip (resp. a flop), then ρ(E˜Yi/EYi) ≥
ρ(E˜Yi+1/EYi+1) where EYi denotes the strict transform of EX and E˜Yi
denotes its minimal resolution.
Proof of the Claim. By (2.3), we may assume that the flip Yi 99K Yi+1
factors in the analytic category, through a sequence of flips with irre-
ducible flipping curve. Let Y¯i → W¯i ← Y¯
+
i be one of these flips. It
suffices to show that ρ(E˜Y¯i/EY¯i) ≥ ρ(E˜Y¯ +i /EY¯
+
i
). Since Y¯i 99K Y¯
+
i is
an isomorphism on the complement of the flipping curve C¯i, we may
assume that Y¯i ⊃ C¯i → W¯i ∋ w¯i is an extremal neighborhood. Since
Y¯i 99K Y¯
+
i is a (KY¯i + EY¯i)-flop, we have that EY¯ +i → EW¯i is crepant
i.e. KE
Y¯
+
i
/EW¯i
= 0. Therefore, if EY¯i has Du Val singularities, then
EY¯ +i
∈ |−KY¯ +i | is also Du Val. Moreover, the rational map E˜Y¯i 99K EY¯
+
i
is a morphism. Since the flipping curve is irreducible, ρ(EY¯i/EW¯i) ≤ 1.
Since EY¯ +i
∈ | − KY¯ +i | and KY¯
+
i
is ample over W¯i, EY¯ +i
contains the
flipped curves so that ρ(EY¯ +i /EW¯i) ≥ 1. Therefore, we have
ρ(E˜Y¯ +i /EY¯
+
i
) ≤ ρ(E˜Y¯i/EY¯ +i ) ≤ ρ(E˜Y¯i/EY¯i).
The case of a flop is similar. In this case KY¯i ≡W¯i 0 and KY¯ +i ≡W¯i
0. If EY¯i does not intersect the flopping locus then EY¯ +i
does not
intersect the flopping locus. If EY¯i intersects the flopping locus, then
EY¯ +i intersects the flopped locus and hence it contains the flopped
locus. Therefore ρ(E˜Y¯i/EY¯ +i ) ≤ ρ(E˜Y¯i/EY¯i) and we conclude as in the
previous case. 
It follows that if GYi ∈ | −KYi | is general, then it has Du Val singu-
larities and
ρ(E˜X/EX) > ρ(E˜Yi/EYi) ≥ ρ(G˜Yi/GYi) for all i.
By induction, we obtain the required factorization of Y 99K Y ′ and of
Y ′ → X ′.  
We will now prove (1.1) in full generality using dep(X). We will need
the following propositions that we believe are of independent interest.
Proposition 3.8. Let X →W be a flipping contraction and let X 99K
X ′ be the flip. Then dep(X) > dep(X ′).
Proposition 3.9. Let X → W be a extremal contraction to a curve.
Then dep(X) ≥ dep(W ).
Proof of (1.1) and (3.8), (3.9). We may work locally over the base W
and so we may assume that g : X →W is the germ of a flipping (resp.
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a divisorial to curve) contraction. By (3.5), we may factor X 99K X ′
(resp. X →W ) by rational maps over W
X
f
← Y 99K Y ′
f ′
→ X ′.
We proceed by induction on dep(X). If dep(X) = 0, then X is Goren-
stein. There is no flipping contraction. Therefore g is a divisorial
contraction to a curve, given by blowing up a LCI curve in W . Hence
the above two Propositions and Theorem 1.1 holds when dep(X) = 0.
We may therefore assume that dep(X) > 0 and the statement holds
for all threefolds with dep < dep(X).
By the proof of (3.1), we may assume that Y → X is the first
weighted blowup of a w-resolution of X , so that dep(X)−1 = dep(Y ).
If Y 99K Y + is a flop, then by [23] Y and Y + have isomorphic singu-
larities and so dep(Y ) = dep(Y +).
Suppose first that f : X → W is a flipping contraction. By in-
duction, we then have dep(Y ) ≥ . . . ≥ dep(Yi) ≥ . . . ≥ dep(Y
′).
By induction on dep(. . .) we obtain the required factorization for each
Yi 99K Yi+1 and hence for X 99K X
′.
Indeed, by Remark 3.4, either Y ′ → X ′ is a divisorial contraction to
a curve, or at least one of Yi → Yi+1 is a flip.
If Y ′ → X ′ is a divisorial contraction to a curve, then by induction,
dep(Y ′) ≥ dep(X ′). Therefore,
dep(X) = dep(Y ) + 1 > dep(Y ) ≥ dep(Y ′) ≥ dep(X ′).
If Y ′ → X ′ is a divisorial contraction to a point, then by Remark 3.4,
we have that at least one of Yi → Yi+1 is a flip. Therefore, dep(Yi) >
dep(Yi+1) by induction and hence dep(Y ) > dep(Y
′). Together with
Proposition 2.15 that dep(Y ′) > dep(X)− 1, it follows that
dep(X) = dep(Y ) + 1 > dep(Y ′) + 1 ≥ dep(X ′).
Suppose next that f : X → W is a divisorial contraction to a curve.
Again, we have dep(Y ) ≥ . . . ≥ dep(Yi) ≥ . . . ≥ dep(Y
′). Since Y ′ →
X ′ is a divisorial contraction to a curve and dep(Y ′) < dep(X), we have
dep(Y ′) ≥ dep(X ′). Finally, as X ′ → W is a divisorial contraction to
a point, we have that dep(X ′) ≥ dep(W )− 1. We thus conclude that
dep(X) = dep(Y ) + 1 ≥ dep(X ′) + 1 ≥ dep(W ).
Moreover, by induction on dep(. . .) we obtain the required factorization
for each Yi 99K Yi+1 and hence for X 99KW . 
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